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We present unified ways of handling the cosmological perturbations in a class of gravity theory 
covered by a general action in eq. (1). This gravity includes our previous generalized f(cj>, R) gravity 
and the gravity theory motivated by the tachyonic condensation. We present general prescription 
to derive the power spectra generated from vacuum quantum fluctuations in the slow-roll inflation 
era. An application is made to a slow-roll inflation based on the tachyonic condensation with an 
exponential potential. 
PACS numbers: 04.62. +v, 98.80-k, 98.80.Cq, 98.80.Hw 



I. INTRODUCTION 

In our present paradigm of physical cosmology, the ob- 
served large-scale cosmic structures and the anisotropies 
of the cosmic microwave background (CMB) are regarded 
as small deviations from the spatially homogeneous and 
isotropic Friedmann world model [ lj . In such a paradigm 
the structures in the large-scale limit and in the early 
stage of the evolution are assumed to be linear deviations 
from the background world model || . Although the ob- 
servations are consistent with the perturbed Friedmann 
world model, these, however, do not necessarily constrain 
the underlying gravity theory (and the matter content) to 
be the Einstein one. Generalized forms of gravity appear 
in variety of situations involving the quantum aspects of 
the gravity theory and the low energy limits of the unified 
theories of gravity with other fundamental forces. Thus, 
it is likely that the early stages of the universe were gov- 
erned by the gravity more general than Einstein one. 

We have been studying the cosmological perturbations 
in the so called f(<p, R) gravity theory which includes di- 
verse generalized gravity theories known in the literature 
as cases, ||. In this work, motivated by the recent inter- 
ests on the action based on the tachyonic condensation 
P|, and also by a previous study in the context of "k- 
inflation" || , we extend our study to a more general form 
of gravity presented in eq. (|l]) . Section III presents the 
classical evolutions in a unified form. Section IV presents 



the quantum generation process and the generated power 
spectra under the slow-roll assumption and others. Sec- 
tion |y| is an application a tachyonic slow-roll inflation. 
We set c = 1 = h. 



II. GRAVITY 



We consider an action 



S = Id xy/—g 



-f(R,<t>,X)+L T 



(1) 



where X = ^<p' c cf>^ c , and / is a general algebraic func- 
tion of R, <fr and X. This action includes the follow- 
ing gravity theories as cases. (1) A minimally coupled 
scalar field: / = ^R — 2X — 2V{4>). (2) /(</>, R) grav- 
ity: / = f{tj>,R) - 2u{4>)X - 2V{<f>). (3) p{<p,X) grav- 
ity: / = $^qR + 2p(<p,X). (4) Tachyonic condensation: 

/ = WU R - 2V(0)yTT2X. 

The gravitational field equation and the equation of 
motion become 
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where F = T ab is the effective energy-momentum 

tensor, and is the energy- momentum tensor of ad- 
ditional matters. 



III. CLASSICAL PERTURBATIONS 

We consider the Friedmann background with the 
scalar- and the tensor-type perturbations. Our metric 
convention follows Bardeen's flrJ 



ds 2 = -a 2 (1 + 2a) dif - 2a 2 (3 , a d-qdx a 

g { *} (1 + 2<p) + 2 %a \p + 2C a0 \ dx a dx fi . 

The energy-momentum tensor is decomposed as 



(5) 



-L n 



(fi + Sfi), T° = -{p + p)v ta /k, 



T$ = {p + 5p)5 a p + (Iv^vf + ^)tt« (6) 

A vertical bar | and vl 3 ' are the covariant derivatives 
based on . 

To the background order, eq. (0) gives 
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H 2 = —n--^, H = -4irG(fi + p) + -^, (7) 
where H = — and an overdot denotes a time derivative 

a 

based on t with dt = ad-q. We also have R = 6(2H 2 + 
H + t-). The effective fluid quantities are 



8-rrGp: 
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(8) 



where we have X 
© gives 



-i</> 2 . To the background order eq. 



= o. 



(9) 



Perturbed set of equations can be derived similarly. 
The perturbed set of equations in Einstein gravity based 
on our convention in eqs. (||J|) is presented in ||*. These 
equations are valid even in our gravity theory if we re- 
interprete the fluid quantities as the effective ones. The 
perturbed order effective fluid quantities can be easily 
read by comparing eq. (JsJ) with eq. (g). 

For the scalar-type perturbation we ignore the presence 
of additional fluid, thus T^f 1 = 0. In the following we 
consider two general situations: (i) F = F(<fi) and K = 0, 
and (ii) F = but general K. We introduce the Field- 
Shcpley combination [M 



K/a 2 



4ttG(h + p) 



fx: 



where 



ip 5<t> = tp- (H/ <j>)5(j>, ip x =tp- Hx, 



(10) 



(11) 



are gauge-invariant combinations^; x = a iP + a 7) 1S a 
spatially gauge-invariant combination ||. 

(i) In the first case, perturbed parts of eq. (||) can be 
combined to give a closed form of second-order differen- 
tial equation for (psm 



1 k 2 



(12) 



* See eqs. (43)-(50) in 0. We have e = <5/i, tt = Sp, * = 
-%(ji + p)v, andcr= f^7r (s) . 

t See the paragraph containing eq. (36) in 

* <^50 is the same </3 in the uniform-field gauge (5(j> = 0) pot . 
ip x is the same as 95 in the zero-shear gauge (\ = 0) p]| , and 
is the same as which is often called the Bardeen potential 
@. 

s The procedure is exactly the same as the one used to derive 
eq. (66) in @. 
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For f t x = —2uj{4>) we recover the result derived in the 
f(<f>,R) gravity theory @. 

(ii) In the second case, perturbed parts of eq. (g) can 
be combined to giveQ 



H 2 



ATrG(fi+p)a \H 
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where ^ + p= ~z\f,x4> 2 = f,xX, and 



C A = c x 



2 P, 4> ~ CxV,4> X K 
/i + p k 2 ' 



M,x f,x + 2f.xxX 



(16) 



Equations ( [14|]15] ) were derived by Garriga and 
Mukhanov; see eqs. (21,22) in @. Equations (H|jl^) 
can be combined to give 
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Using 

v = z$, u 
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eqs. (|7|l8) become the well known equations [p|JlC|l 



u = 0, 



(W 
1/5 



u = 0, 



(17) 
(18) 

(19) 

] 

(20) 
(21) 



where a prime indicates a time derivative based on 77. 
Equation ( pp| ) is valid for the first case in eq. ( p"2| ) as 
well. 

In the large-scale limit, with z"/z ^> c 2 A k 2 and 
z(l/z)" 3> c^fc 2 , we have exact solutions 



"The procedure is exactly the same as the one used to derive 
eqs. (32,33) in §. 
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$ = C(x)-£>(x) f 
Jo 



ip x = 4nG— 



ft =2 



(22) 
(23) 



Ignoring the transient solution (which is the D-modc in 
expanding phases) we have a temporally conserved be- 
havior for $ 



*(*,«) = C(x). 



(24) 



For the tensor-type perturbation, for the general action 
in eq. ([!]), we have 



k 2 + 2K 



(25) 



which is the same as eq. (Ill) in |?J based on f(cj>,R) 
gravity. Thus, the presence of general algebraic com- 
plication of X in eq. (Q) has no effect on the tensor- 
type perturbation. Also, eq. ( |25| ) can be written as 
in eqs. ( |l7| , p0| ). In such cases we have $ = Cg, 

Q = F = Z/(8wG), c\ = 1, thus z = aVF, and eqs. 
(£2|,^4]) also remain valid. 

The vector-type perturbation of additionally present 
fluid(s) is described by eq. (||) which is not affected by 
the generalized nature of the gravity theory in eq. (Q). 



IV. SLOW-ROLL INFLATION 

As in [jlif the quantum generation process can be pre- 
sented in a unified form. From eq. ( [l7| ) we can construct 
the perturbed action 



5' z S= l -J a 3 Q (V - c^<i^<& 7 ) dtd 3 



(26) 



which is valid for both the scalar-type and tensor-type 
perturbations in a unified form. The rest of the canonical 
quantization process is straightforward, see |p^| . Under 
an ansatz 



z" I z = n/ij 2 , c\ = constant, 



(27) 



where 



n t for the two perturbation types, the 



mode function has an exact solution in terms of the Han- 
kel functions, see eq. (24) in |l^| . The power spectrum 
based on the vacuum expectation value of $ can be con- 
structed as in eq. (26) of |Q, and in the large-scale limit 
we haveFl 



For v = we have an additional 21n(cAfcM) factor. For 
the gravitational we should consider additional \f2 factor pa|. 



,1/2 



H 1 Y{v) fk\r]\\ 3/2 ^ 
ls ~ 2ttciH\i 1 \ T(3/2) \ 2 



(28) 



where v = y/n+ 1/4. We can read the spectral indices 
n s - 1 = 3 - V4n s + 1, n T = 3 - y/4n t + 1. (29) 
We introduce the slow-roll parameters 
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(30) 



Compared with the Einstein gravity in p6[ we have two 
additional parameters £3 and £4 for the scalar-type per- 
turbation which reflect the effects of additional parame- 
ters F(= f t n) and f t x m our generalized gravity; for the 
tensor-type perturbation we have only one additional pa- 
rameter 63 from F. Compared with H] the only difference 
occurs in our definition of E which includes the f(<p, R) 
gravity in as a case. Using our present definition of e^'s 
our unified analyses made in eqs. (30-32) of |I3 remain 
valid. 

To the first-order in the slow-roll parameters, i.e., as- 
suming 



0. 



we can derive 
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= V16ttG _ 
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[ 7l+ ln(fe|7 ? |)](e 1 -e 3 )}, 

-0.7296. 



£l 



where 71 = 7£ + ln2 — 2 
constant. We have 

E/F 



(33) 

with 7b the Euler 



(1 + £3) 



8ttGF, 



(34) 



where Z's become unity in Einstein gravity. Thus, be- 
sides ei, the scalar- type perturbation is affected by £2, £3 
and 64 (thus, f t $, F and f,x), whereas the tensor-type 
perturbation is affected by e 3 (thus, F) only. The spec- 
tral indices of the scalar and tensor-type perturbations 
in eq. (|29|) become 



n s -l = 2(2e 1 -e 2 + e 3 -e i ), n T = 2(e x - e 3 ). (35) 
For the scale independent Harrison-Zel'dovich (ns — 



1 ~ ~ tit) spectra |17| the CMB quadrupole anisotropy 
becomes 
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which is valid for K 
DMR data give (a§) 



= A. The four-year COBE- 
x lO" 10 , @. From eqs. 
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32|.p3[) the ratio between two types of perturbations 

: (o|)t / '( a l) s becomes 



r 2 = 13.8 x AirGi-r 
ti 



2v B 



13 



1 



(l + e 3 ) 2 
13.8 |ei - e 3 | c A 
6.92\n T \c A , 



( ei -e 3 )(l+e 3 ) + | 



„2-n s 



(37) 



where in the last two steps we used the slow-roll condi- 
tions in eq. ( |3l| ) . In the limit of Einstein gravity we have 
r-2 = — 13.8ei = — 6.92nx which is independent of V and 
is known as a consistency relation. The ca factor dif- 
ference from the Einstein gravity for p(<j>, X) gravity was 
noticed in For the f((f>, R) gravity we have c\ = 1. 



V. TACHYONIC CONDENSATION 



The recently popular tachyonic condensation is a case 
of our gravity with a form / = $^qR — 2Vy / l + 2X: if 
based on the string theory, we should regard the field in 
this action as being written in the unit where the string 
theory is relevant. We have 



Q = 



v 



H 2 (1-02)3/2- 



4 = i- 



(38) 



Equations (g(j) and ( j2l| ) in this case were derived in eq. 
(17) of Q and in eq. (44) of p0|, respectively. We have 
e 3 = and E= ^(1 - ^)'^. 

Assuming a set of slow-roll conditions <f> <C 3H(f> and 



tp 2 -C 1, and under an ansatz V 
(0|) for K = 0we have §| 



V e~°" 1 ' g], from eqs. 



(39) 



where M 2 t = 1/(8%G). If we set ti = 0, we have 

C = e~^ a / 2 ^ and V, = V C 2 . For t ~ t 4 we have an 
accelerated expansion stage. In such a situation we have 
the slow- roll conditions in eq. (|3l]) are well met, with the 
result: 



£2 = £4 



2V,. 



£3 = 0. 



Thus, eq. (g5|) gives 

n s -l=4ei, n T = 2ei, 
and eqs. (|32 34 . 37|) reduce to 



(40) 



(41) 
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2tt\4>\ VV 



2V37T aM^ ' 



r 2 = 6.92|n T |. 



V&7T M 2 pl 



(42) 

(43) 
(44) 



Therefore, if the seed structures were generated from 
the vacuum quantum fluctuation under such a slow-roll 
phase, the final spectra show that: (1) the spectra are 
nearly scale-invariant Harrison-Zel'dovich type, (2) the 
consistency relation is met, (3) the graviational wave is 
suppressed, and (4) the CMB quadrupole requires 



1 



V' 2 



75 x 12tt a 2 M^ 



1.1 x 10" 



(45) 



We have assumed that, firstly, the seed fluctuations 
were generated during the slow-roll inflation stage sup- 
ported by the tachyonic condensation, and secondly, the 
tachyonic gravity stage was switched successfully to an 
ordinary big-bang sta ge w hile the fluctuations stay in the 
large-scale limit (see |2^| for the reheating problem); in 
such a case the relatively growing C-mode fluctuation in 
eq. (^2|) survives as the same C-mode of the curvature 
fluctuation $ now supported by the Einstein gravity with 
ordinary matter. We have derived these results directly 
based on the generalized form of gravity theory whereas 
the previous analyses p4| , p2| were based on known formu- 
lation in Einstein gravity by using some field redefinition. 



VI. DISCUSSIONS 

We have presented unified ways of handling the cosmo- 
logical perturbations in a class of gravity theory covered 
by an action in eq. (1). Section III presents the classical 
evolutions in a unified form, and eqs. (Hill) show the 
generated seed fluctuations of the quantum orig in under 
an assumption in eq. (27). The rest of section IV presents 
the general prescription to derive the power spectra gen- 
erated under the slow-roll assumption, and section M is 
an application to a tachyonic slow-roll inflation. 

We note that even in the gravity with additional 
stringy correction terms 



Z{4>)[ciR 2 GB + C 2 G Q V;a0;6 + ^00^^ + C 4 (0 ;a ;a )1, 



g(cj))RR, 



(46) 



— rtabed 



ryabca jd a TDab d 

ti ttabed — 4-K tia, 



rf"*- d R ab ef R cde j, we still have eqs. (|l2p^) 



in the Lagrangian, where Rq B 
R 2 and RR = r) ahcd R ah ef l 

with more complicated Q and c\, [|25j]. Thus, the rest 
of the analyses made above can be applied similarly as 
well, p5| ]. Similar unified formulation also exists in the 
fluid context, [{l0],[l4} . Wc also have studied situation with 
R ab R a b term in the action p(| , in which case the gravity 
becomes a fourth-order theory. 
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We would like to emphasize that our gravity theory 
in eq. (|l|) covers many of the modified gravity theory, 
and our assumption in eq. is satisfied by most of 

the expansion stages (including diverse class of inflation 
scenarios available in analytic forms) considered in the 
literature, and we hope our slow-roll conditions in eq. 

cover most of the specific slow-roll conditions in the 
inflation theories based on specific modified gravity theo- 
ries. We emphasize, however, that the classical evolutions 
studied in section [nj are valid for the general cosmolog- 
ical situations governed by our action in eq. ([!]). 
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